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| orentz transformation

Postulates 1. There is no preferred inertial frame

2. The speed of light in vacuum has the same value ¢ in all

iInertial frames of reference

(Contravariant) space-time four-vector in system S:

xH = (XO,Xl,Xz,X3) = (t,X) = (t, x,y, 2)

In system S ty by
(follows from the two postulates) _Bave.,
S S’
/
XO — fy(XO — 6X3) R
W11 ‘
X2/ _ X2 X X
/ 1
x> = (x> = px°) B=v/c v =
V1-p2
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—nergy-momentum four-vector

General four-vector:
transforms under Lorentz transformation like the space-time four-vector
Relativistic energy and momentum:

E=~vym, p=~8m, m = rest mass (h=c=1)
Contravariant four-mmomentum vector:
p' = (p°, p', p*, p*) = (E, B) = (E. Pr, pz) = (E, px, Py, P-)

Covariant four-vector:

23)

xH = (XO,Xl,X X 1 2 3)

— X, = (XO,—X —X° —X

Scalar product of two four-vectors a and b:

a-b:a“buzaub“:aobo—é'-g

Relation between energy and momentum:
F2 — p2 1+ m?
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Center-of-Mass System (CMS) [actually: center-of-momentum system]

Consider a collision of two particles. The CMS is defined by

53 — _,Bb

pa — (Eav 53) pb — (Ebv 5b)
® > < o

The Mandelstam variable s is defined as

CMS
s:=(pa+pp)? = (Es+ Ep)
JS is the total energy in the center-of-mass frame ("center-of-mass energy")

Example: LHC. beam energy 6.5 TeV: /s = 2 E = 13 TeV (lab frame = CMS)

QGP physics SS2019 | K. Reygers, J. Stachel | 2. Kinematic Variables 4



More on LHC energies

From 'centripetal force = Lorentz force' one obtains:

R = B = N_HC,bend ° Bl vc, BLHC,max ~ 83T (% this limits \/g)
/ \
"rigidity” 1232 dipoles x 14.3 m / (2 ) = 2804 m
. A-.
protons: R = Pproton ons: R=2°F ;C'e"”
4

201 1/1 2: pproton — 35 TeV — anCIGOH — pr/A — Z * pproton — 138 TeV
/
corresponding energy of nucleons in
Pb ion for same B field (same rigidity)

Center-of-momentum energy per nucleon-nucleon pair:

Pb-Pb (2011/12): +/snv = 2.76 TeV  Pb-Pb (2015/18): v/snv = 5.02 TeV
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Js for Fixed-Target Experiments

= [(55)+ ()]
Tar.get o 0

lab
my, E 2 2 lab
.
total energy °

(kin. + rest mass) lab _

M2, P2 = = /s = \/m%+m§+2E1'abm2

EP®>my, my
~ \/2 Ellabmg

Example: antiproton production (fixed-target experiment):
p+p—pt+tp+p+p

Minimum energy required to produce an antiproton: In CMS. all particles at
rest after the reaction. i.e.. /s = 4 mp . hence:

(4mp)2 — 2m/[23

2my,

4m, L \/2m/[23 + 2E{ab’mi“m,D = Ellab’Imiln = = 7m,
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Rapidity

The rapidity y is a generalization of
the (longitudinal) velocity 5L = pL /E:

1
y := arctanh 3; =

y = [ for f <1

—In
2

A y

p=\/Pt+ps B B

PT |

beam axis '

7l

1+5L_}|nE+PL |
1-6, 2 E-—p

: E+ p _ E—pL
With e’ = , eV =
\/E — pL \/E + pL
- 1 X —X 1 X —X
and S|nhX:§(e — e ) coshx:§(e 1 e ) |
one obtains E =my-coshy, p; = my-sinhy —2]
where mr = \/ m? + p2 is called transverse mass 3l
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Additivity of

A lab system S

Lorentz transformation: E = vy(E' + 8p.),

1I E + p,
= —In
Y 2 E_pz

1. ~y(E"+ Bpy) +~(p; + BE")

— — |n

Rapidity under Lorentz Transformation

A moving system S'
—» (velocity Bg)

QO —=

Object with rapidity y measured in S'
>

= ~(p; + BE")

y is not Lorentz invariant.
however. it has a simple

2 ~(E'+ B8p})
1|U+@6Wm)

—(p; + BE')

transformation property:

y=y +ys

2 (1= B)(E' = p;)
1 /
_ L ite Ly, E“’Z
2 1-7 2 E'—
- ~ 7\
rapidity of S' as Y

Y

measured in S
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Rapidity of the CMS (I)

My, Ya M, Vi a=(E,0,0,p,)
: " : b= (Ep, 0,0, —pp)
Velocity of the CMS:
* ! * dz bz
a, = Yem(az — Bcmao) = —b; = —Yem(bz: — Becmbo) = Bem = ao + bo

Using the formula for the rapidity we obtain

1| ag + a, + bg + b,
cm — S~ 1N
4 ao—az——bo—bz

Writing energies and momenta in terms of rapidity:

Yem =

1I { m.e¥s + mpe’’ }
n

2 mse—Ya 4+ mpe—Yb
1

]_ Ya | Yb
:i(Ya‘I‘Yb)—Fim [mae mpée }

m,eYe + mpeYa
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Rapidity of the CMS (Il)

For a collision of two particles with equal mass m and rapidities ya and yb. the
rapidity of the CMS yem IS then given by:

Yem = (ya + yb)/2

In the center-of-mass frame. the rapidities of particles a and b are:

1 1

yfzya—ycm=—§(yb—ya) y;’;:yb—ycmZE(yb—ya)

Examples (CMS rapidity of the nucleon-nucleon system)

a) fixed target experiment:  Ycm = (Vtarget + Ybeam)/2 = Ybeam/2

b) collider (same species and beam momentum): Ycm = (Vearget + Ybeam)/2 = 0
c) collider (two different ions species. same B field):

1 Z4iA

cm:_I
Yem =5 A Z,

[exercise] 0-Pb beam at LHC: ycm ~ 0.465
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Pseudorapidity n

cos(2a) =2cos’av —1 =1 —2sin’a
1I E+pcosq9p>>m1I 1+ cosv /1 2 cos® ¥ n v
— — |n ~ — 1IN — — 1IN = —1INn n—| =.
Y =5 E — pcos? 2 1—cosd 2 2sin®% 2 d

y=mn for m=0

.
I
o

n=+1(6 = 40.4°)

n=+2(6=15.4°

n=1+3(6=57°

Analogous to the relations for the rapidity we find:
p = pT - coshn, pL = pT - Sinhn
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—xample: Beam Rapidities

y = =In = | = In ~ In —

2 E—p, \/E2—p§ m m

Beam momentum (GeV/c) Beam rapidity

158 5.81

2760 (= 7000-82/208) 8.86

6500 0.54

QGP physics SS2019 | K. Reygers, J. Stachel | 2. Kinematic Variables 12



Brief summary

-
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of Charged Particles

dN_/dn

PHOBOS. Phys.Rev. C83 (2011) 024913

® u
o. l. ..
[ ¢® ® ®ee
e | p-p, inel., 410 GeV
an" l..
3 = | p-p, inel., 200 GeV
| I I I I ] |
-5 0 9

—xample of a Pseudorapidity Distribution

Beam rapidity:

E+p
m

= 5.36

Ybeam — In

Average number of charged
particles per collision
(op at /s = 200 GeV):

chh
N.) = dn ~ 20
(Nen) / dn n
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Difference between dN/dy and dN/dn in the CMS

dN m2  dN \/pTcosh n + m? + prsinhy
— =4 /1 - y(n) = |og

2 2
dn m<%- cosh” y dy \/pT cosh? n 4+ m? — prsinhny

Difference between dN/dy and dN/dn
in the CMS at y = O:

dN/dn or dN/dy
2.5

Simple example:
Pions distributed according to

1 d?N
=G - exp(— 0.16
ST— /(y) p( /TT/ )

Gaussianwitho=3  prin GeV
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LHC dipole

| —
"
gy

N s wl
\ Vacuum vessel

§

' '." Yo v
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o

Bealpipe X K (CryoLine)

\ & <
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4 N
VN

LN

Source: CERN
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http://lhc-facts.ch

LHC parameters

transverse beam radius: about 20 pm

Particles/bunch \ 1.35-10" 1.2-108

Bunch spacing \ 50 ns (=15 m) 200 ns

peak luminosity ‘ 3.65-10* cm?s™ 0.5-10* cm*?s™

https://home.cern/resources/brochure/accelerators/Ihc-facts-and-figures
https://www.lhc-closer.es/taking a closer look at Ihc/1.Ihc parameters
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Luminosity and cross section

d/Vint
dt

—0o-L

1

L = luminosity (in s~ tcm™?)

dN,,:/dt = Number of interactions of a certain type per second

o = cross section for this reaction

"4 ¢ T ¢
//\ : ‘ ’ . \I 2 \
. L # s
. |

-

N1 N feoll = . i A
L — / e Al '

A = —
k/\

numbers of particles per bunch in the two beams

ny, n
fcoll = bunch collision frequency at a given crossing point

A = beam crossing area (A ~ 4wox0o,)

QGP physics SS2019 | K. Reygers, J. Stachel | 2. Kinematic Variables 18



orentz invariant Phase Space Element

Observable: Average density of produced particles in momentum space

1 d3Ng 1 d3>Ny

Lint d35 B Lint dpxdpydpz

However. the phase space density would then not be Lorentz invariant
(see next slides for details):

>N I(px, py, p-) d*N  E d>N
dpldpl,dp,  O(pL. p,.p.) dpxdp,dp, E’ dp.dp,dp,

ﬁ _ dpx dp, dp;
E

Lorentz invariant phase space element:

The corresponding observable is called Lorentz invariant cross section:

d3c 1 d3N 1 d3N
E—: E — E [e)
B35~ Lim @3B  Newror d3p

this is called the invariant yield
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_orentz Invariant
Proof of Invariance

| orentz boost along the z axis:

Phase Space

—lement:

p>,< — Px
P, = py
p, =~(p, — BE),
E’ :’V(E_sz),

p, =v(p, + BE’)
E =~(E" + Bp)

2
op!
a X1 ! Z 8 8 y
Jacobian: (p, By p,) =1 0 55 O
O(px. Py, P7) " ops
o o 2
P
Opx op Ip; OE’
=1, L =1, = / EN=~(1
Ip, op, o0, op. [v (p; + BE")] 7( +58p;
OE' 0 2 2 2 2\1/2 Py Op: _ A
ap;:ap;[(m + P+ P+ ) }:E > ap L+85 ) =
a(l)Xvﬁ)yvl)Z) L E

And so we finally obtain:

o(p,. p,.p.)  E
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Invariant Cross Section

Calculation of the invariant cross section:

d3 1 d3
E—-=E .
d>p pT dprdp,dyp

dp,/dy=mt cosh y=FE 1 d3o

pT dprdydy
symmetry in @ 1 d20'
2pT dprdy

Sometimes also measured as a function of mr:

1 d?o 1 d’c  dpr

27TmT medy B 27TIT)T dedy me N 27TpT dedy

Integral of the inv. cross section

Average yield of particle X per event

d3o /
/EdTP d°p/E = (Ny) - 0ot

E*d’s/dp® (mb-GeV 2.¢c?)

Aclc (%)

(Data-QCD)/QCD

—h

10"
10
-3
10
10
10
10
10

-8
10

40
20

-20
-40

o N & O DN

Example: Invariant cross section
for neutral pion production in
p+p at /s = 200 GeV

a)

I PHENIX Data
— KKP NLO
— Kretzer NLO

;_ 1 1 b

E_ ' (I | I I ‘ )

E— ....... N

c>

%

: /\‘\/\ d)

0 5 10 - 15
pr (GeV/c)
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Average path length of produced particles before decay

L|ab=V°v-T=5°7°T-C=L-T-C
mc

mass (MeV) meanlifet |cT Liab (p = 1 GeV/c)

T, T 139.6 2.6-108s 7.80 m 56 m

o0 135 8.4-10-17 s 25 nm 185 nm

K+, K- 494 1.23-108s 3.70 m 7.49 m

KsO 497 0.89-10-10s |2.67 cm 5.37 cm

KL 497 5.2-108s 15.50 m 31.19 m

D+, D- 1870 1.04-10-2s (312 pm 167 pm

B+, B- 5279 1.64-10-2s ({491 pm 93 pm
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invarians

Reconstruction of unstable particle via the

" mass calcula

‘ed from daughter particles

Consider the decay of a particle in two daughter particles. The mass of
the mother particle is given by (“invariant mass”):

7= |G
2

:ml e

:ml e

)+ ()]

m5 + 2E,E; — 2Py - Pa

m5 + 2E1 E; — 2p1ps

Example: 1© decay:

7T0—>’Y+”Y, my =my =0, E; = p;

= M = \/2E,E>(1 — cos )

Y1

108 events p+p Vs =7 TeV ]
raw data % ]

ALICE -

PERFORMANCE

cos ¥

counts (arb. units)

™, —y(—e'e e*e™)

vy pair p. > 0.4 GeV

—e— reconstructed
—— scaled background

0.1 0.2 03 04 05 06 07 08 0.9 1
invariant mass (GeV)

in the lab. system
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Summary

= Center-of-mass energy 4/s:
Total energy in the center-of-mass system (rest mass + kinetic energy)

= Observables: Transverse momentum pr and rapidity y

= Pseudorapidity n = y for E » m (n =y form = 0. e.qg.. for photons)

= Production rates of particles described by the Lorentz invariant cross
section:

Ed3(7 1 d°o
d3p  2mpr dprdy
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